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Abstract: We utilise a non-local gauge transform which renders the entire action of SUSY 
QED invariant and respects the SUSY algebra modulo the gauge-fixing condition, to derive 
two- and three-point ghost-free SUSY Ward identities in SUSY QED. We use the cluster 
decomposition principle to find the Green's function Ward identities and then takes linear 
combinations of the latter to derive identities for the proper functions. 
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1. Introduction 

Supersymmetry (SUSY) is a well-established theory expected to play an essential role in 
any non-trivial unification of gravity with the gauge forces. More immediate concerns are 
the solution to the heirachy problem and physics immediately beyond the standard model. 

It has long been known that analysis of gauge field theories can be greatly simplified 
by exploiting the gauge symmetry to derive Ward identities that relate the various Green's 
functions to each other [1]. The same is even more true of Ward-Takahashi identities, which 
relate the proper functions of a gauge theory [2]. 

The application of this concept to SUSY is almost as hold as SUSY itself, with identities 
relating the propagators of fields within the same multiplet [3]. The application to SUSY 
gauge theories followed soon with the work of Piquet and Sibold [4] and others [5, 6], 
who dealt with the complications due to auxiliary fields, Wess-Zumino gauge and gauge 
fixing, using the BRST quantization to derive SUSY Slavnov- Taylor identities. While these 
are long established procedures of gauge field theory in the context of gauge fixing, their 
application to SUSY is not entirely analogous. Ghosts are necessary in non-Abelian gauge 
theories as part of the gauge-fixing procedure, without which the gauge boson does not 
have a well-defined propagator. However these considerations do not apply to SUSY. If 
one is content to simply do perturbative calculations then all propagators are well-defined, 
once the gauge is fixed, and further ghosts are not necessary. 
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This is not to say that such methods arc not vahiablc. Indeed, they have allowed the 
development of renormalisation schemes that respect both SUSY and gauge symmetry [7, 8, 
9]. Still, the ghosts are not inherent to SUSY in the way that they are to gauge theory, even 
in Wess-Zumino gauge. Furthermore, this now standard technique requires the introduction 
of ghosts even to the Abelian SUSY QED [6], where there were none in the non-SUSY case. 

The complications related to the gauge-fixing term in deriving SUSY identities can 
be traced back to the use of the transforms derived by Wess and Zumino [10]. When 
working in the Wess-Zumino gauge, in which the gauge dependant superpartners of the 
photon have been gauged away, their transform leaves the gauge invariant part of the 
SUSY QED action invariant but spoils the U{1) gauge fixing condition. It is at this point 
that standard treatments turn to the BRST formalism. We demonstrated an alternative 
approach in [11]. Our approach was to treat the breaking of the U{1) gauge condition in 
the same way that Wcss and Zumino treated the breaking of the Wess-Zumino (WZ) gauge, 
by introducing another gauge transformation to restore it. The resulting transform had the 
attractive feature of obeying the SUSY algebra modulo the gauge condition. We went on 
in that paper to find SUSY Ward identities relating the propagators not only of the matter 
multiplct, but also of the gauge multiplet. These identities all held exactly at tree level, 
something that had not been achieved with the gauge multiplet before without using ghost 
fields. Using the cluster decomposition principle [12, 13] to handle the non-linearities, as 
demonstrated by [6], we then went on to find an identity relating some three-point Green's 
functions. 

Another important incentive for introducing ghosts is that the Wess-Zumino trans- 
forms, as well as our own, are non-linear. Indeed, the additional correction found in [11] is 
also non-local. This forbids the use of the Legendre transform or the effective action in any 
way, unless the transform is linearised as the BRST transforms are. We shall circumvent 
this problem by taking linear combinations of the Green's function Ward identities. 

In this paper we continue our previous work, begining with a brief summary of our 
transform and its properties in section 2. In section 3 we give a detailed discussion of 
identities relating three-point Green's functions and present them in their entirety in ap- 
pendix A. In section 4 we tackle the problem of SUSY Ward identities relating the vertices. 
Effective action techniques cannot be used for reasons already noted. The vertex identities 
themselves are given in appendix C. It shall transpire that the vertex Ward identities have 
already been found by an independant method [14] , and that their solution, when subject 
to reasonable constraints like gauge invariance, has already been found in its most general 
form which we present in appendix D. 

2. The Wess-Zumino-Lorentz Transform 

Since the transformations used in this paper arc newly-discovered [11], we briefly restate 
them here. The basic problem is to modify the identities found by Wess and Zumino 
to leave the gauge invariant part of the action invariant [10] so that they also leave the 
gauge-fixing component invariant. Their transforms are 

Swza = -iC,i) 
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Swzb = C75^ 

Swzi^ = (/ + il59)C + i ^{a + i75^)C - e A{a - ijbbX 
Swzf = C - eC[aX + ibj^X - i 4^] 

^wzg = iCl5 - eiClaj^X + ibX + i Alb'^P], (2.1) 
SwzAfj, = ClfiX - iCdi^x 

SwzX = ^irr - l^^nd^A^C + il^DC 

SwzD = iCj5 ?>X. (2.2) 
The effect of 5wz on the Lorentz gauge condition is 

5wz{d ■A) = C ^X, (2.3) 
but this can be undone with the gauge transformation 

SlA^ = -d^^^X, (2.4) 
so that {Swz + (5l)<9 ■ A = Q. The effect of Sl on all the fields in the theory is 



Slci = 


K-^Xa, 


SLb = 


iC^Xb, 


SliP = 


<^Xt\), 


SLf = 


^C□A/, 


^Lg = 


<-^Xg, 


hA^ = 




SlX = 


0, 


SlD = 


0, 



(2.5) 

Since 5l is a gauge transformation it leaves the gauge-invariant part of the action un- 
changed, so the complete SUSY transform of SUSY QED in component notation is 

^wzl = ^wz + 5l- (2.6) 

This complete transform derives simple and useful identities among the propagators of 
SUSY QED [11]. Most notable is the identity relating the photon and photino propagators, 
found thus: 

= {5wzL{A^,{x)X{y))) 
= {A,ix)Af,{y))ydaa^\ - (A(y)A(x))7^C + {X{y)X{x))^C, (2.7) 
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After converting to momentum space, the surviving members of the gauge multiplet 
have the following propagators in WZ gauge: 



where 



Aj(t) = l + n(J:), (2.11) 



This relationship between the photon and photino propagators is what one would naively 
expect [15]. 

We shall also need the identities relating the electron and selectron propagators. One 
might expect that since their wavefunction renormalisation is dependant on the gauge 
parameter ^, the SUSY violation of the gauge-fixing term would cause the electron and 
selection wavefunction rcnormalisations to differ, at least nonperturbatively. However our 
transformations arc not violated by covariant gauge-fixing so such reasoning does not apply. 
The Ward identity relating the ij) and a propagators is 

= {5wzL{i^{x)a{y))) 
= -ia^{y)i^{x)) + Q{a{y)r{x)) - K ,^(a(2/)a*(x)), (2.12) 

as found originally in [3]. The non- linear contribution to this and all propagator Ward 
identities vanishes by the cluster decomposition principle [6, 12, 13]. Taking the most 
general form for the electron propagator 

we then have 

{anip') = {fa*)ip') = ^,,,jy\,^,,, , (2.15) 



p2^(p2) 

where the last two propagators are given by [3] 



ifnip') = (2-16) 



= {bwzL{^{x)!{y))) 

= Cy Hmi>{x)) + C(/(y)/*(^)) - ^C,. mivXix)). (2.17) 
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Similarly, 



{bglip') = {9b*Kp') = (2.19) 



i99*)ip') = ..J^yL... - (2-20) 



We shall use these equations in sec. 4. 

3. Green's Function Ward Identities 

Having described our SUSY tranform and used it to restrict the form of the propagators, 
we now apply the same procedure to the three-point Green's functions. Knowing the SUSY 
Wis among these will no doubt be an asset to those computing S-matrices. As already 
mentioned, SUSY ST identities for these functions are already known [4, 5, 6] but we are 
the first to use completely invariant Wis in SUSY QED. 
We begin with an illustrative example. Consider 

= {SwzL{a{x)Af,{z)iP{y))) 

+C{a{x)A^{z){a* AM) - ClMy)K^H^)) + Cmv) (^M^A(^)) a{x)). (3.1) 

These are all the non- vanishing terms that arise from our transform, eq. (2.6). The 
term {a{x)A^{z)f*{y)) does not vanish but is easily calculated using the (a/*) propa- 
gator (eq. (2.15)) discussed in the last section. They are identical to those generated by 
the Wcss-Zumino transforms [6, 10] except for the last term. 

The third-last term contains a non-linear contribution whose evaluation utilises the 
cluster decomposition principle [6, 12]. A convenient procedure is to replace that Green's 
function with products of its sub-graphs that have a* and A^ in separate connected com- 
ponents. This gives us 

aa{x)A^{z){a* A){y)) = {aix)a*iy))cY {A4y)A^iz))c. (3.2) 

substituting this and converting all Green's functions to connected Green's functions gives 

= -i{il^{y)A^{z)i;ix))c + i{{^a*{y))A^{z)a{x))c - {r{y)A^{z)a{x))c 
-{a{x)a*{y))cl''{AMA^{z))c + iMy)K^)<^))c 

-{i^{y) {d,^\{z)j a{x))c. (3.3) 

The sign changes occur because a transition from general to connected Greens' functions 
causes a sign change of (—1)^ for A^-point functions in Minkowski space [16]. It is a quick 
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and easy task to check that eq. (3.3) holds at the bare level, something that previous 
calculations could not achieve without the introduction of ghost fields. 
Another helpful example is 

= {5wzL{.a\a*)) 

= -C{a*{y)\{z)^{x))lC-\ - {'^{y)\{z)a{x))cC + i{a*{y){,d^A,{z))a{x))co''^'C, 
-(A(z)(^A(x)))c(a(x)a*(y))cC + {a{x)a*{y))c{\ (^Kv)^ )cC (3-4) 

Again, these are the same terms that one would expect from the WZ transforms, except 
for the last two which come from 5l, and again the identity vanishes simply and easily at 
bare level without introducing additional ghost fields. 





SWl 


(()„zl(...)) =0 


s\yi 


{SwzL{a{p)a*{q)\{p - q))) 


A.l 


{SwzL{a{p)D{p - q)ip{q))) 


A.14 


{SwzLibip)b*iq)\{p-q))) 


A.2 


{SwzL{b{p)D{p - q)^{q))) 


A.15 


{6wZL{f{p)a*{q)X{p-q))) 


A.3 


{^WZL{f{p)D{p~q)t/j{q))) 


A.16 


{5wZL{g{p)b*{q)\{p-q))) 


A.4 


{SwZLWp)D{p-q)g*{q))) 


A.17 


{5wzL{a{p)r{q)\{p-q))) 


A.5 


{SwZL{b{p)X{p-q)a*{q))) 


A.18 


{SwzL{b{p)g*{q)X{p-q))) 


A.6 


{6wzL{a{p)X{p-q)b*iq))) 


A.19 


{SwZL{f{p)nq)X{p-q))) 


A.7 


{SwzMpMp - q)a*{q))) 


A.20 


(MzL{fj(p)!f{<-l)X(p-<l))) 


A. 8 


(<)irzL(/(p)A(/>-r/)/r(r/))) 


A.21 


{SwzL{f{p)A^{p - qMq))) 


A.9 


{SwzL{a{p)X{p - q)g*{q))) 


A.22 


{SwzLig{p)A^{p - g)V'(g))) 


A.IO 


{5wzL{b{p)X{p-q)r{q))) 


A.23 


{SwzL{a{p)Af,{p - q)i^{q))) 


A.ll 


{SwZL{g{p)X{p-q)r{q))) 


A.24 


{5wzL{b{p)A^{p - q)i^{q))) 


A.12 


{SwzL{f{p)~x{p-q)g*{q))) 


A. 25 




{6wzL{Mq)^^ip)>^''ip-q))) 


A.13 



Table 1: Each SWl is derived from the invariance of the action to the transform 5wzl- The 
starting point of each SWl (indicated by its equation number) is given in this table. 

We give the complete set of identities in appendix A modulo duplications due to charge 
conjugation. Table 1 lists all the possible starting points for deriving identities, together 
with their corresponding equation number. 

The lesson of this section is unmistakable. The three-point Green's functions of SUSY 
QED are related by very simple SUSY Wis that do not require ghost fields or STL Con- 
ventional approaches are an adaptation of the WZ transforms which were derived only for 
the gauge invariant part of SUSY QED. 
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4. Vertex WeltcI Identities 

We have demonstrated the usefulness of the WZL transform for S-matrix calculations, 

but what about renormalisation? In this case we seem to be stuck because our transform 
is both non-local and non-linear, forbidding any calculation that requires the Lcgendre 
transformation in any form. The conventional method of dealing with this problem is to 
introduce ghost fields that couple to the non- linear terms. While this method is valid 
we would like, having come this far, to avoid the introduction of unphysical fields. A 
little inspection reveals that the propagator Wis (eqs. (2.13)-(2.20)) allow the propagator 
denominators to be factored out. Taking linear combinations produces a comprehensive 
set of identities relating the vertices of SUSY QED to each other. We demonstrate by 
considering eqs. (A. 9, A. 11). We transform to momentum space, and take the combination 

A{p''mil;iq')A^{p - q)f{p))) - B{p-'){5{i>{q^)A^{p - q)a{p))), (4.1) 

The next step is to expand each three-point Green's function in terms of its propagators 
and vertex. For example, the electron-photon Green's function expands to 

mq)A^ip-qmp))c = (VV^)(p)r;-^^(l^,g)(#)(g)(^.A^)(p-g). (4.2) 

Functions with scalar legs are a little more complicated. For example 

mq)Kp-QHp))c = (AA)(p-g)(r„,;,^(p,g)(aa*)(p)+r^.^^(p,g)(ar)(p))(#)(g), (4.3) 

and 

{^m{p-<l)f{p))c = (AA)(p-g)(r„.;^^(p,g)(/a*)(p)+r^.;,^(p,9)(/r)(p))(VV^)(g). (4.4) 
Substituting in this way produces the identity 

i'^^'^ip- <l)uT-xf,^ip,q) 

= ^^A^iP^ - ' ^^f'AM l) + '^'i'Aa^P^ l) - ierA^p"), (4.5) 
after dividing out common factors. Similarly, the combination 

B{p^){5{i^{q^)A^{p - q)a{p))) - p" A{p'){5{i>{qM,.{P - Df{p))), (4-6) 
gives the vertex WI 

m'*'^(p-g)^r^„.^(p,g) 

= K'AaiP^Q) - i K*AfM - ei^{i^i^)-\q)- fi^'^A^M 

+ie-i^'B{p^), (4.7) 
ia>'%p-q)uV-^,.^{p,q) (4.8) 

These are the only identities produced in Feynman gauge (^ = 1), In any other gauge they 
each produce a second identity because the terms proportional to (C — 1) must cancel among 
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Combination of Green's function Ward identities 


Vertex SWI 




C.l 


g2^(g2)(p2^(p2)(A.2) - B(p2)(A.4)) - B{q^)ip''Aip^)iA.6) - 5(p2)(A.8)) 


C.2 


g2A(Q2)(^(p2)(A.3) - S(p2)(A.l)) - B(g2)(A(p2)A.7) - B(p2)(A.5)) 


C.3 


g2A(g2)(A(p2)(A.4) - S(p2)(A.2)) - B(g2)(^(p2)(A.8) - B{p^){A.6)) 


C.4 


Aiq^)iAip^)iA.7) - S(p2)(A.5)) - S(g2)(^(p2)(A.3) - i?(p2)(A.l)) 


C.5 


^(g2)(^(p2)(A.8) - S(p2)(A.6)) - -B(g2)(^(p2)(A.4) - 5(p2)(A.2)) 


C.6 


^(p2)(A.9)-5(p2)(A.ll) 


C.7 


^(p2)(A.10) -S(p2)(A.12) 


C.8 


i?2A(i?2)(A.ll)-S(p2)(A.9) 


C.9 


p2yl(p2)(A.12)-S(p2)(A.10) 


C.IO 


A.13 


C.ll 


p2A(p2)(A.14) - B(p2)(A.16) 


C.14 


p2A(p2)(A.15) -B(p2)(A.17) 


C.15 


A(p2)(A.16) - B(p2)(A.14)(5V(2/)5I?(^)(^/*b)) 


C.16 


^(p2)(A.17) -S(p2)(A.15) 


C.17 


A(g2)(p2^(p2-)(A.l9) - S(p2)(A.21)) - B(g2)(p2^(p2)(A.22) - S(p2)(A.25)) 


C.18 


A{q^){p^A{p'^){AA8) - S(p2)(A.20)) - B {q^){p'^A{p'^){ A.23) - B{p^){A.2A)) 


C.19 


q'^A{q^){p'^A{p^){A.22) - B{p^){A.25)) - B{q'^){p^A{p'^){AA9) - B{p'^){A.21)) 


C.20 


A{q'^){p'^A{p^){A.23) - 5(p2)(A.24)) - B{q'^){p^A{p'^){AA8) - B{p'^){A.20)) 


C.21 


q'^A{q^){A{p'^){A.20) - B{p'^){AA8)) - B{q^){A{p'^){A.24) - B{p'^){A.23)) 


C.22 


g2^(g2)(A(p2)(A.21) - B{p'^){AA9)) ~ B{q^){A{p'^){A.25) - B{p^){A.22)) 


C.23 


gM(g2)(A(p2)(A.25) - 5(p2)(A.22)) - 5(g2)(^(^2)(A.21) - B{p'^){AA9)) 


C.24 


A(g2)(y4(p2)(A.24) - S(p2)(A.23)) - 5(g2)(A(p2)(A.20) - S(p2)(A.18)) 


C.25 



Table 2: The SWIs relating the vertices are found by taking linear combinations of the Green's 
function SWIs. The corresponding combinations for each vertex SWI (indicated by its equation 
number) is given in this table. 



themselves due to gauge invariance. Since this second identity is not found in Feynman 
gauge it must not contain any additional information. This expection is indeed fulfilled and 
it is straightforward to check that it is made redundant by the Ward-Takahashi identities 
(see appendix B) and the two-point SUSY Wis (2.13-2.16). 

Appendix C lists all the SUSY vertex Wis. Table 2 lists which combination of Green's 
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function Wis corresponds to which vertex identity. 

The derivation for some identities utihzes charge invariance, which imposes 

CV,,uy{P, QfC-^ = -^yWxi-Q, -P), (4.9) 

where x, y are members of the chiral multiplet. 

The result of this section is quite unexpected as, to our knowledge, such identities have 
only been derived previously using the effective action. Indeed, one might quite reasonably 
ask how this approach went unnoticed for so long. The answer is that Ward identities were 
discovered in the context of gauge symmetries where this factorisation approach simply 
doesn't work. For a quick example, try to derive the original Ward-Takahashi identity 
relating the electron-photon vertex to the electron propagator, ie. 

(} = {SGmy)A^{z)^l;{x))). 

The result is useless, = 0. 

We finish this section by observing that the vertex Ward identities derived here are 
identical to those derived by a different method. In that work [14] we observed that 
the effective action could be left in superficld form until after the Legendrc transform, 
and then the WZ gauge adopted. While a Legendre transform of non-linear terms was 
not committed, one might still hold reservations about such an approach, which in any 
event cannot be applied to non-Abelian theories. By deriving the same identities in an 
independant way that does not use the effective action or Legendre transform, we vindicate 
that approach. We are also permitted to profit from that earlier work which went on 
to find the most general solution for the vertices, given reasonable assumptions such as 
charge conjugation invariance. We include it in this paper for convenience but relegate it 
to appendix D. 

5. Discussion 

Taking the SUSY transformation that leaves the entire SUSY QED action completely 
invariant, we have derived SUSY Wis relating the three-point Green's functions, which are 
listed in appendix A. As was the case with propagators [11], these identities hold at bare 
level without the introduction of ghost fields, in contrast to other approaches [5, 6]. We 
then found that by utilising the SUSY propagator Wis, we could take linear commbinations 
of our Green's function identities which revealed vertex Wis after dividing out common 
factors, an approach that does not work with gauge symmetry. These identities are listed 
in appendix C. Notably, the resulting identities are identical to those derived previously 
by adopting the WZ gauge after moving to the effective action, and whose most general 
solution is already known [14]. We have restated this solution in appendix D. 

This paper was limited to the Abelian SUSY gauge theory. The application of our 
approach to non-Abelian theories, which are clearly of greater importance, has yet to be 
demonstrated. This is a topic for future work. 
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A. Green's function Waird identities 

This appendix lists all the SUSY Green's function Ward identities of SUSY QED modulo 
charge conjugation. The starting points for deriving them are given in table 1. Note that 
all Green's functions shown here are assumed to be connected, although the subscript c 
has been neglected for the sake of clarity. 

= C{a*{q)\{v - qmP)fC-' + {i>{q)Kv - qXv)) 

-{P- qUa*iq)A,ip - q)a{p))a''^ + ie^^-^{\\){p - q){aa*){q) 

-ie{aa*){p){\\)(p - q)j^^- (A-l) 



= -C{b*{q)~X{p - qmp)fC-^^5 - mq)HP ' q)Kp))l^ 

{p-q) 

'ip-q) 

= iC{a*{q)~X{p - q)^{p)fC-^ l^+mq)KP ' q)f(p)) 



i{p - q)^{b*{q)A,{p - q)Kp))a-^ + e{X\){p - q)^I-^{bh*){p) 
e{bb*){q){XX)ip-q)j^^. (A.2) 



-iip - qUa*iq)A,{p - q)f{p))a'^^ - e{XX){p - q)^^-^{fa*){q) 



+e{fa*){p){XX){p - q)j^:r^ - ie{aa*)ip){XX)ip - q). (A.3) 



-C{b*{qyX{p - q)i^ip)fC-^ ^75 - mq)KP - q)9ip)H 

{p - qf 



-iip - q){b*{q)A,(p - q)g{p))a^^ - e{XX)^^^{gb*)iq) 



+e{gb*Kp){XX){p - ^)^r^- - e{bb*Kp){XX){p - q). (A.4) 



= +iC{riq)X{p - q)mfC-^ - e{XX)ip - q)it-^{ar){q) 



-i{p-q)^,{rA,a)a''i'-i{^Xb) i 

(^- 4\ 
{p - qf 

-e{XX){p-q){bb*){p). (A.5) 



+e{XX){p-q))^^{an{p) 



= -C{g*{q)X{p - q)Hp)y'C-'^5 - e{XX){p - q)^^f_lJ_(^bg*){q) 
-i{p-q)^,{9*A,b)a'^f^ + {i;Xb) ^75 
+e{XX){p-q)l^^{bg*){p) 

+e{XX){p-q){bb*)ip). (A.6) 
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+e(/r)(p)(AA)(p - + ^e(/a*)(p)(AA)-^ _ 

-ie(ar)(p)(AA)(p-g)^^. 

-C{g*iq)X{p - q)i^{p)fC-^ in^ + (^(g)A(p - q)g{p)) ^75 



-i{v - q)^{9*{q)A,{p - q)9{p))a-^ - e{XX){p - q)^L_lI_^gg*)^q) 
+e{g9* ) ip) {XX) - e{bg* ) (g) (AA) {p - q) 

+e{hg*){p){XX){p-q). (Ai 



-i li{ip{q)Af,i>{p)) - ie{i;i>){q)Y{AuA^){p - g) 

- 4{a*{q)A^{p - q)f{p)) + e(A^^,)(p - q)Y{fa*){p) (A.9) 



= 75 - qMp)) + e-f5{'<Pij){q)Y{AuA^){p - q) 

-i75 ^(6*(g)^^b - q)g{p)) + e{A^A,)ip - qHl'igbniq) (A.IO) 



= imq)A^ip - q^p)) - (7^ - ^^^ry^) mQ)KP " 
+ (/*(g)^^(p - q)a{p))- ^{a*{q)A^ip - q)a{p)) 

+e{A^A,){p-q)Y{aa*){p) (A.ll) 

= -i,m)Mp - ^Mp)) - (tm - ^71^) ^^^^)^^p - ^)^^p)) 

+ilb{9*{q)A^{p - q)h{p)) - ^5 i{h*{q)A^{p - q)h{p)) 

-ie^^{A^A,){p - q)Y{bb*){p) (A.12) 



= -{nq)~X{p - q)m)a''^/ - i{9*{q)KP " ^(Ts)/ 

+ (a*(g)A(p - g)V(p)> - i(6*(«)A(p - g)V'(p)) J(^75)/ + ^e(#)/(p)<5J 

-ze(#)/(g)5J - iCUmq)KP " 5)/^))^^-!)/^^ 
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+i{mD{p - g)V'(p))/(75) J. (A.13) 

= {ij{q)D{p - q)i^{p)) + -f5{g*iq)D{p - q)a{p)) 

- m{q)D{p - q)a{p)) + 4){^{q)Kp - q)a{p)) (A.14) 

= ^Mq)D{p - qmp)) - {nq)D{p - q)b{p)) 

+ i{h\q)D{p - q)a{p)) + 75(^- * {q)X{p - q)h{p)) (A.15) 



= -i ]^{ilj{q)D{p - q)ip{p)) + i^5{9*{q)D{p - q)f{p)) 

-i75 4{h\q)D{p - q)f{p)) - j^i^- 4){i^{q)\{p - q)f{p)) (A.16) 

= 75 m{q)D{p - qMp)) + {r{q)D{p - q)g{p)) 

- 4{a*{q)D{p - q)g{p)) - i){^{q)X{p - q)g{p)) (A.17) 

= i{^{q)\{p - q)h{p)) + i{a*{q)D{p - q)b{p))-f5 

-C{a*{qyX{p - qmp)fC-'j5 (A.18) 

= iC{b*{qyX{p - q)^{p)fC-' + i{b*{q)D{p - q)a{p))^^ 

-mq)X{p-q)a{p))j5 (A.19) 

= —ibar ^{a'{q)X{p — q)ip{p)) + ie^rj{XX){p — q){aa*){q) 

+ijn{a*{q)D{p - q)g{p)) + iC~\i^{q)X{p - q)g{p)fC (A.20) 

= -i ^{b*{q)X{p - q)^{p)) + ie75(AA)(p - q){hb*){q) + i^^{b*{q)D{p - q)f{p)) 

-^5Cmq)X{p - q)f{p)fC-' (A.21) 

= i{g*{q)X{p - q)i^{p)) + ilb{g*{q)D{p - q)a{p)) - ie{aa*){p){XX){p - q) 

-75 ^C{i;iq)X{p - q)a{p)fC-' (A.22) 

= +i 4C{i^{q)X{p - q)h{p)fc-^ - i^{nq)X{p " q)^) 

-ie-f5{bb*){p){XX){p -q)+ ij5{r{q)D{p - q)b{p)) (A.23) 



= i ^{r{q)X{P - qmP)) + e{gb*){p){XX) 

-{nq)D{p - q)g{p)) - 75 iC{i^{q)X{p - q)g{p)fC-^ 
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-e{an{p){X~X){p-q) 



(A.24) 



= i75 ri{9*{q)Mp - q)^{p)) + e{hg*){p){\\){p - q) 

+ {9*{q)D{p - q)f{p)) + i 4C{i^{q)\{p - q)f{p)fC-' 

-e{a*f){p){X\){p-q) (A.25) 
B. A Review of Ward-Takahashi identities 

We give here a brief review of the Ward-Takahashi identities These are relations between 
the vertices and the propagators that foUow from gauge symmetry. 

Shown in momentum space, the electron-photon vertex is related to the electron prop- 
agator by 

{p-q)- = (VVi)-i(p) - {iP^rHQ), (B.l) 

where p, q are the ingoing and outgoing momenta respectively. 

Analogous identities hold for the scalar fields. We state them here without further 

ado. 



{p- 


- q) ■ raAa{p,q) -- 


= {aa*)-\p') 


- (aa*)- 


-Hq% 


{p- 


q) ■ ^aAf{p,q) = 


- {faT\p') 


- {afr 


-\q% 


{p- 


q) ■ ^fAa{p,q) = 


- {arrHp') 


- (/«*)- 


-\q% 


{p- 


q)-^fAf{p,q) = 


- iffTHp') 


- (//*)- 


-\q\ 


{p 


- q) ■ ^bAbip, q) 


= m-\p') 


- m- 


-\q% 


ip 


- q) ■ ^bAg{p,q) 


= {9b*)-\p') 


- {b9r 


-\q% 


ip 


- q) ■ ^gAb{p,q) 


= {b9*)-\p') 


- {9b*)- 


-\q% 


ip- 


-q)-^gAg{p,q) 


= {99T\P') 


- (99*) 


-\q% 



where r^^^(p, is a photon vertex with an incoming x of momentum p and an outgoing 
y of momentum q. The photon therefore has momentum p — q. 

C. Vertex Ward identities 

Here we list the vertex Ward identities refered to in Table 2 

= na*i.{p,q) 4+e{B{p^) - B{q^)) + T-^^^^i-q, -p) ^, (C.l) 
ln^b'Ab'^P^ 9) 

= -irx,.^(p,g)75 e(B(p2) - B{q^)) - iV-^^,^{-q, -p)-/^ i>, (C.2) 

^t^^)*AJyP^ i) + e^(p^) = rxa*^(-9, -p) + ^xfi,{p, q) 4. (C.3) 
li^^^g*AbiP^ i) - e^(/) = i^xb*i>{-q^ -ph5 + i^-xg*^{p, q) ilh, (C.4) 
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(C.5) 
(C.6) 



= rJ^^(P, D - i ^^M/b. 5) + i^^fAaiP^ l) - ierA{p% (C.7) 
= ^75rj^^b, + 75 ^';*AgiP^ q) - 75r^.^,(p, q) + 6757^^^^'), (C.8) 



ia^"'{p-q)^T-^^.^{p, q) 

■ iIjAiI) 



= K*Aa{P^l)-iK*AfM-^l''{^i^)~\i)- ^U^M 



+ie-f''B{p'^), (C.9) 
iai^^ip- q)urxi,,^{p,q) 

= -75r^*Abb' + 75 <i^b*A9(p^(i) -i'y^n'^ii^i^y^iQ) 

-i75 ^r;i^^(P, <?) - e^^^Bip^). (C.IO) 

These last two equations correspond to equations (4.9,4.10) in [14], which contain a typo. 
Specifically, the argument of the inverse electron propagator is given as p rather than q, as 
we have done here. 



= -i(^)/(r^^,(p,g))j + (75 #)/(r^,A(p,9))J 

-i{^cu{c-'rf,-^^ip,q)y(' + {^j,cuic-'rg.-^^ip,q)y^ 

+i6/{T^^,{p,q))y - (75)/(r^6A(P,9))J 

+iCo.^ic-'T^,-^^ip,q)y^ - {i,cu{c-\^{p,q)yp 

+ il-)l{^A^{P^^)t - (75(^- 4))y{r^D^{p.q)\f, (C.ll) 

where C is the charge conjugation matrix. Note that derivation of this idientity requires 
the Ward-Takahashi identity (B.l). We obtain 

= (^- ^75iv(r^^^(p,g)) +7^iv(rj^(p,g)) + zr^„;,(p,g) 

-75r^6A(P' q) - ^r^aAv(-9' -p) + i^'^i>h\{-q^ -p) 
^i>f\{p^ q) + 75 fi^^gxip, q) - i fi'^fxi-q, -p) 
+75 ^^gxi-q. -p), (C.12) 

by setting j3 = a and summing, and 

= iTr(r^„;,(p, q)) - 75Tr(r^;,;,(p, q)) - i /rr(r,^^;,(p, q)) 

+75 ^Tr(r^^;,(p,g)) -irx„.^(p,g) + 75rx5,^(p,g) -i ^xf-i^ip^q) 

- ^^5^xg'^ip^ q) + T^r^Av^^' ~ ^5(^- ^)^^D^ip, q), (c.is) 
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by setting 7 = and summing. 



= I^i,Di,iP^(l) +^5^a*Db{P,q) -75 fi'a*Dg{p,q), 

= il5 fi'^D^ip, q) - i^h'Daip, q) + i 4^b*Df{p, q), 

i5^f*Db{p,q) 

= i75^-\f*^iP,q) + 75 ^/*£)g(p,g) +r^z3^(p,g), 

l5^g*Da{P, q) 

= -rA3*^(P,g) +75 ^g*Df{P,q) -T^^^{p,q), 
lh{i>- (f)'^a*DbiP,q) 

= ^Xb*^i-q^ -P) i> + ^r^a*v(^^' ^) + iejsiBip"^) - B{q^)), 
75(1*- 4)^b*Da{P,q) 

= ^rx„*v.(-9, -P) 1*75 + r;,6,^(p, q) i+ ie75(5(p2) - B(g2))^ 

75(?*- ^^a*Dg{p,q) 

= rA3.^(-g, -P) ^ - i^-Xa*r^{P: 9)75 + ^675^(0'^), 
75(^- i)^b*Df{P,q) 

= i^xri^i-q, -p) ihb - ^-\b*^(p^ g) + i^bAiq^), 

75 (^- ^^g*Da{P,q) 

75 (^- 4Wf*Db{p,q) 

= 9) #75 + r^6*^(-Q', -p) - ie75^(p2), 

75(^- (i)Tf,Dgip,q) = r-^g.^{-q,-p) - iT-^f*^{p,q)j5, 
lh{i>- ^)'f^g'Df{p,q) = iV-)^f.^{-q,-p)-f^-V-^g,^{p,q). 



D. General Solution of SUSY Vertex Ward identities 

Below is a solution for the SWIs of appendix C and WTIs of appendix B. 
most general set of vertices consistent with both sets of identities and free of 
singularities if one assumes charge conjugation invariance and 



(C.14) 
(C.15) 

(C.16) 
(C.17) 

(C.18) 
(C.19) 

(C.20) 
(C.21) 
(C.22) 

(C.23) 

(C.24) 
(C.25) 




f*Aa 



a*Aa 



.{p, q) 
{p, q) 
{p, q) 
■{p, q) 




{p,q), 
{p,q), 
{p,q), 
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The proof of this is presented in [14]. The assumption of Eq. (D.l) is true to ah orders in 
perturbation theory, and any nonperturbative violations of this assumption are restricted 
by the WTIs to lie completely within their transverse components. (Note that two vertices 
contained typographical errors in the original paper [14] . These are noted in the body of 
the text. We have checked that the proof of their uniqueness is still valid.) Our general 
solution is as follows: 
The scalar-photon vertices are 

+ [p^(g2 -p-q)+ g'^(/ - p ■ q)]T^(jp\ q\p ■ q), (D.2) 

K^aM = ^b^AgiP^ 9) = r^*Aa(P' = ^g^AbiP^ 

= ^^{B{p')-B{q')){p + qr 
pz _ qz 

+ -P-<1)+ l^ip" - P ■ q)]Taf{p\q^P ■ q), (D.3) 



r^f,^f{p, q) = r^^^^(p, q) = ^^{A{p') - A{q')){p + qf 

+\p^{q^ -p-q)+ q^ip" - P ■ q)]Tff{jP^, q^p-q), (DA) 

where the three functions Taa{p^-, q^,p-q),Taf{p^,q^,p-q) and Tff{p^, q^,p-q), each satisfying 
T{p^ ,q^ ,p ■ q) = T{q'^,p^,p ■ q), are free of kinematic singularities and represent the only 
degrees of freedom inherent in the solution. The forms (D.2) to (D.4) are equivalent to that 
given by Ball and Chiu [2] in the context of non-SUSY scalar QED. The photino vertices 
are 

^-^a^^P^q) = ^^{p'A{p')-q'A{q')) + ^^{B{p')-B{q')) i 

+\<P'- 4^)Taa{p',q^,p-q) 

+ ie[^(/ -q^)-2 Hj? - p ■ q)]Taf{p'',q'',p ■ q), 

+ lep\q''- ^tOTff{p\q'',p-q), (D.5) 

and 

^-xMP'^i) = ^^i^(p") - ^ii")) ^- ^^(Bip^) - ^ii")) 

+ \e{i>- fOTaaip^q^p-q) 
+ ^e{p - qfTaf{p^,q^,p ■ q) 

-\e Hp"- i> ^Tff{p'',q'',p ■ q). (D.6) 
The vertices of 6, g with the photino are 

^xb*i^(P'q) = h5^\a*^iP'q)^ (D-7) 
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The electron-photon vertex must be restricted at least to the form given by Ball and 
Chiu [2] for non-SUSY QED. For the SUSY case we find 



-^^iB{p') - B{q^))T^ + UeTaa{p\ q\p ■ q)^ 
+ieTaf{p\ q\p ■ q)[\{p - q)%^ - Tf] 

+ lieTff{p^, q\p ■ q)[T^ - p ■ qT^ - {p - qfT^], (D.9) 

where 

^BcM = ^^2^(^+ ^)iA{p')-A{q')){p + qr 

+iei(^(p2) + A{q''))r + ^^{Bip^) - B{q^)){p + g)^ 

z p q 

(D.IO) 

rf = _p.q)+ q^^^p2 _ ^ . (D.H) 

= (^+ , (D.12) 
Tg^ = Yip - qf - ifi- Mp - qn (D-13) 
T,^ = a^-{p-q),, (D.14) 

= l{fi^l^-l'' ^I^)- (D.15) 

Finally there are the vertices for the Z)-boson, namely, 

^a*Db(.P,q) = -'^b-DaiP^q) 



p2 _ q2 



{p'A{p') - q'A{q')) - iep ■ qTa*a{p, q,P ■ q) 



+iep'q'Tff{p',q',p-q), (D.16) 



T^f*Dg{p,q) = -Vg*Df{p,q) 

= ^^(Aip^) - Aiq^)) + ieTa^aip^ q\p- q) 
pz _ qz 

-iep - qTf*f{p'^,q^,p- q), (D.17) 



^9'Daip,q) = ^ZT^mp') - B{q')) 
rg*Da{p,q) = ^^{B{p')-B{q')) 

-ieiq^ - p ■ q)Taf{p\ q^p ■ q), (D.18) 
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ra*D,{p,ci) = :^{B{p')-B{q^)) 

+ie{p''-p-q)Tafip',q'',p-q), (D.19) 

rf*DbiP,q) = ^^{B{p'')-B{q^)) 

p q 

+ie{q^ - p ■ q)Tafip\q\p ■ q), (D.20) 
n*Df{p,q) = ^^{B{p')-B{q')) 

-ie{p''-p-q)Tafip^q'',p-q), (D.21) 



and 



^fDf{p^<i) = -^^e75[(^+ i)Ta''a{p^,q^,p- q) 

-(/-q^)Taf{p\q\p-q) 

+{^p'+I^q')Tff{p^q',p-q)]. (D.22) 

The first of these vertices has an erroneous factor of half, and the last vertex has an overall 
sign error, in [14]. 
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